ARTICLE IN PRESS
Engineering Analysis with Boundary Elements 34 (2010) 471–476

Contents lists available at ScienceDirect

Engineering Analysis with Boundary Elements
journal homepage: www.elsevier.com/locate/enganabound

Electrophoretic mobility of a colloidal cylinder between two parallel walls
Dustin L. House, Haoxiang Luo 
Department of Mechanical Engineering, Vanderbilt University, 2301 Vanderbilt Pl, Nashville, TN 37235-1592, USA

a r t i c l e in fo

abstract

Article history:
Received 29 May 2009
Accepted 25 October 2009
Available online 29 December 2009

Electrophoresis of a cylindrical particle placed between two parallel walls is considered for arbitrary
eccentricity. The electric ﬁeld is perpendicular to the particle axis, and both the particle and walls are
non-conducting. The electrical double layers adjacent to the solid surfaces are assumed to be thin with
respect to the particle radius and to the particle–wall gap. A boundary-element method is used to solve
the governing equations. It is found that the viscous effect becomes comparable to the electrophoresis
when the ratio between the channel width and cylinder diameter approaches unity. In addition, the
eccentricity has a signiﬁcant effect on the particle’s rotation.
& 2009 Elsevier Ltd. All rights reserved.
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1. Introduction
The electrophoresis of colloidal particles near boundaries has
been the topic of many studies due to its applications in
microﬂuidic devices [1]. It is well known that in an unbounded
ﬂow, the electrophoretic motion of a non-conducting particle
with arbitrary shape is purely translational, and the velocity can
be described by Smoluchowski’s formula. However, when the
particle is near a wall, its mobility may change signiﬁcantly due to
modiﬁcation of the electric ﬁeld by the presence of the wall. In
fact, it was found that the translational velocity of a spherical
particle is increased as the particle is sufﬁciently close to the wall
[2–4]. This result is in sharp contrast to the intuitive idea that
when compared to a particle in unbounded ﬂow, a particle
traveling along a wall would be slowed down due to the increased
viscous force, as seen in the Stokes mobility problem.
Electrophoretic motion of a particle near boundaries has been
studied for various conﬁgurations. The translation of a spherical
particle near a wall was analyzed by Keh and Chen [3] for
insulating surfaces using the eigenfunction series, and their study
was later complemented by Yariv and Brenner [5] for closer
particle–wall separation using an asymptotic expansion. Other
conﬁgurations include spheroids, cylinders, or ellipsoids in
conﬁned environments such as cylindrical pores [4,6], spherical
cavities [7,8], and complex channels [9,10]. Despite these works,
the electrophoretic mobility of an inﬁnite cylindrical particle
bounded by two parallel walls and translating perpendicular to its
own axis has not been reported. The problem emulates the
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situation where a slender particle moving sideways in a microchannel. Keh et al. [11] derived an analytical solution for an
inﬁnite, insulating cylinder electrophoretically moving along a
single non-conducting wall and found that the velocity grows
unboundedly as the cylinder–wall separation approaches zero. It
is not clear yet how the cylinder’s mobility would change if it is
bounded from both sides. One relevant situation to this issue is
the electrophoresis of a spherical particle moving between two
parallel walls, which was studied analytically by Unni et al. [12]
for arbitrary eccentricity. In Unni et al., the particle’s translation is
found to be enhanced when both walls are close to the particle,
which implies that the increasing electrophoretic effect has
overcome the hydrodynamic retardation for the close particlewall separation. However, this phenomenon may not occur in the
two-dimensional case, where the closely ﬁtting cylinder is subject
to a ‘‘piston effect’’ and will experience much higher hydrodynamic resistance than the spherical particle in the channel. In
this sense, the conﬁned cylinder is more like the sphere in a
narrow cylindrical pore, whose electrophoretic mobility decreases
signiﬁcantly when the particle-to-pore radius ratio approaches to
unity [4].
In electrokinetic ﬂows, a charged surface, either a wall or
particle, draws counter-ions in the electrolyte toward the surface,
forming a non-neutral diffuse layer covering the surface, called
electrical double layer (EDL). With an externally applied electric
ﬁeld, the ﬂuid in the EDL moves relative to the surface in the
tangential direction, and the electric body force in the EDL is
balanced by the viscous stress. When the thickness of the EDL, or
Debye length, k1 , is much smaller than the characteristic length
scale of the surface, say, the particle radius, a, such that ka b 1, a
common practice is to treat the EDL as a singular surface with
zero thickness and introduce a ‘‘slip’’ velocity between the solid
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surface and the ﬂuid in contact with it [13,2]. The slip velocity is
equal to the velocity of the outer edge of the EDL and is given by
the Helmholtz expression. With this thin-EDL approximation,
only the electric ﬁeld and the neutral ﬂuid in the bulk region need
to be dealt with, and the resulting system is governed by linear
equations, more speciﬁcally, the Laplace and Stokes equations.
Analytical approaches have been used to solve the governing
equations for the electrokinetic ﬂows, for example, the reﬂection
method [3] and the asymptotic expansion using a reciprocal
theorem [5]. These approaches are restricted to problems with
simple geometries and often with vanishing parameters, e.g., the
ratio of the particle–wall separation to the particle size. On the
other hand, numerical approaches are able to handle more
complex geometries. However, the numerical methods that are
based on volume discretization, such as the ﬁnite-element
method (FEM) [9,6,10], have limited accuracy and are not suitable
for the problems with small particle–wall separation where both
the small gap and bulk region have to be resolved. The boundary
element method (BEM), which requires a surface mesh only, is far
superior to the FEM in accuracy and efﬁciency for a wide range of
problems. In particular, for the thin-EDL ﬂows where the
governing equations are linear, the BEM provides an attractive
approach for arbitrary geometric conﬁgurations. Indeed, the BEM
has been adopted for such problems by some previous authors
[14,15], but its usage is still rather limited. Therefore, this paper’s
purpose is two-fold. First, we will adopt the BEM to solve the
aforementioned two-dimensional problem of an electrophoresisdriven particle in a channel with arbitrary eccentricity. Second,
we intend to make the community aware of the BEM and freely
available BEM library [16] as an alternative to the commercial
FEM packages.

2

rp þ mr u ¼ 0;

We consider a cylindrical particle suspended in an aqueous
electrolyte solution between two parallel walls, as shown in Fig. 1.
The axis of the cylinder is parallel to the walls and is
perpendicular to the uniform, external electric ﬁeld, E1 . The
problem conﬁguration is two-dimensional, where the particle
may rotate about the z-axis while translating in the x direction.
Both the particle and the channel walls are non-conducting and
carry uniform surface charges, which are characterized by their
respective zeta potentials, zp and zw . A positively charged surface
has a positive value of zeta potential. We assume that the
thickness of the EDL adjacent to the particle surface and walls is
sufﬁciently small so that the thin-EDL approximation may be
used. With the approximation, the entire ﬂow ﬁeld is neutral, and
the distribution of the electric potential, f, is governed by the
Laplace equation,
ð1Þ
∞

r  u ¼ 0;

uS ¼

ez
ðInnÞ  rf;
m

ð3Þ

where uS is the slip velocity, e is the dielectric constant of the
electrolyte solution, z ¼ zp or zw is the zeta potential on either the
particle surface or channel wall, and ðInnÞ is the surface gradient
operator. In the laboratory coordinates, the ﬂuid velocity at the
particle surface is the combination of the rigid body motion of the
particle and the slip velocity,
uðxÞ ¼ uB þ uS ¼ uc þ oez  ðxxc Þ þ uS ;

ð4Þ

where x is a point on the particle surface, xc and uc are the
position and velocity of the centroid of the particle, o is the
rotational speed of the particle, ez is the unit vector in z, and
uB ¼ uc þ oez  ðxxc Þ is the velocity of the point x due to the
rigid body motion. The particle is assumed to be neutrally
buoyant in the ﬂuid, and its inertia can also be ignored. Therefore,
both the total traction and torque exerted on the particle vanish,
Z
Z
f dl ¼ 0;
ðxxc Þ  f dl ¼ 0;
ð5Þ
P

where f ¼ ðfx ; fy Þ is the local traction, and the integrations are
performed over the particle contour, P. At the two channel ends,
which are far away from the particle, we assume that ﬂow is fully
developed so that the velocity no longer depends on x.

3. Boundary element formulation
Note that the solution of Eq. (1) is independent of the solution
of Eq. (2), while the latter depends on the former through the
boundary condition equation (3). Therefore, Eqs. (1) and (2) can
be solved sequentially. We utilize a boundary integral method
[17] to solve the governing equations.
The electric potential, f, is decomposed into the combination
1
of the background potential, f ¼ E1 x, and the disturbance
D
potential generated due to the presence of the particle, f , so that
1
D
f ¼ f þ f . Following the boundary integral formulation, the
disturbance potential in the interior of the ﬂow ﬁeld can be
written as
Z
Z
fD ðx0 Þ ¼  Gðx; x0 Þ½n  rfD  dlðxÞ þ fD ½n  rGðx; x0 Þ dlðxÞ; ð6Þ
C

C

where x ¼ ðx; yÞ, n is the surface normal pointing into the ﬂow
ﬁeld, r ¼ jxx0 j, and

y
H

ð2Þ

where p, u ¼ ðux ; uy Þ, and m are pressure, velocity, and viscosity,
respectively. Under the thin-EDL assumption, the ﬂuid velocity
next to the particle or channel walls can be expressed as a slip
velocity that is relative to the solid surfaces and is proportional to
the local tangential gradient of the electric potential [2],

P

2. Problem speciﬁcation and governing equations

r2 f ¼ 0;

subject to the homogeneous Neumann boundary condition,
@f=@n ¼ 0, at the particle surface and channel walls [5]. Note
that n is the surface normal and points into the ﬂow.
The ﬂuid is Newtonian and incompressible, and the Reynolds
number is small so that the ﬂuid inertia can be ignored. The bulk
ﬂow is then governed by the Stokes and continuity equations

a
x
d

Fig. 1. Schematic of the cylindrical particle suspended in an aqueous solution
between two parallel walls.

Gðx; x0 Þ ¼ 

1
lnr;
2p

@G
1 xx0
;
¼
@x
2p r 2

ð7Þ
@G
1 yy0
;
¼
@y
2p r 2

ð8Þ

are, respectively, the free-space Green’s function of the twodimensional Laplace equation and its associated gradient (e.g.,
[16]).
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In Eq. (6), the integrations are performed over the particle and
wall contours denoted by C. The equation is subject to the
D
D
1
boundary conditions @f =@n ¼ 0 on the walls, @f =@n ¼ @f =@n
D
on the particle surface, and f -0 as x- 7 1. Applying (6) on
either the walls or particle surface and rearranging, we have
Z
Z
1 D
D
 f ðx0 Þ þ f ½n  rGðx; x0 Þ dlðxÞ ¼ Gðx; x0 Þ½n
2
C
C
D

 rf  dlðxÞ;

ð9Þ

where the explicit terms containing known boundary conditions
have been grouped into the right-hand side of the equation.
Similarly, we decompose the ﬂuid velocity into the background
velocity,

ezw E
;
m
1

u1 ¼ 

ð10Þ

which is the uniform electroosmotic ﬂow in the absence of the
particle, and the disturbance velocity generated by the particle,
uD , so that uD ¼ u1 ex þ uD . The disturbance velocity vanishes as x
approaches inﬁnity. To compute the disturbance velocity, we use
the boundary integral formulation for Stokes ﬂow and express uD
at the point x0 that lies inside the ﬂuid in the following form:
uD ðx0 Þ ¼ 

Z

1
4pm

C

fiD ðxÞGij ðx; x0 Þ dlðxÞ þ

1
4p

Z
C

uD
i ðxÞTijk ðx; x0 Þnk ðxÞ dlðxÞ;

ð11Þ
where C represents the particle surface and channel walls, f
the disturbance traction, and
Gij ðx; x0 Þ ¼ dij lnr þ

x^ i x^ j
;
r2

Tijk ðx; x0 Þ ¼ 4

x^ i x^ j x^ k
;
r4

D

is

ð12Þ

are, respectively, the free-space Green’s function of two-dimensional Stokes ﬂow and associated stress tensors, x^ ¼ xx0 , and
^ (e.g., [17]).
r ¼ jxj
To simplify the integral expressions, we use S and D to
represent the single- and double-layer potentials in Eq. (11),
whose components are given by
Z
S j ðx0 ; f; CÞ  fi ðxÞGij ðx; x0 Þ dlðxÞ;
C

Dj ðx0 ; u; CÞ 

Z
C

ui ðxÞTijk ðx; x0 Þnk ðxÞ dlðxÞ;

ð13Þ

where C is either P for the particle or W for the walls. Eq. (11) may
thus be written as
1
D
D
½Sðx0 ; f ; PÞ þSðx0 ; f ; WÞ
4pm
1
½Dðx0 ; uD ; PÞ þ Dðx0 ; uD ; WÞ:
þ
4p

uD ðx0 Þ ¼ 

ð14Þ

We substitute uD ¼ uu1 ¼ uB þ uS u1 for the particle surface
into the third term on the right-hand side of (14), and then apply
the reciprocal identity for the background ﬂow over the particle
volume and the integral identities for the term expressing rigidbody motion [17]. The integral representation (14) then becomes
uD ðx0 Þ ¼ 

1
1
D
½Sðx0 ; f; PÞ þSðx0 ; f ; WÞ þ
½Dðx0 ; uS ; PÞ þ Dðx0 ; uD ; WÞ;
4pm
4p

473

Apply the boundary integral formulation (14) at a point, x0 , on
the particle surface, and use again the integral identity for the
particle volume and that for the rigid-body motion, then we
derive the integral equation
uB ðx0 Þ þ

1 S
1
D
½Sðx0 ; f; PÞ þ Sðx0 ; f ; WÞ
u ðx0 Þu1 ¼ 
2
4pm
1
þ
½Dðx0 ; uS ; PÞ þ Dðx0 ; uD ; WÞ:
4p

ð17Þ

Apply (14) at a point, x0 , on the channel walls, and use the integral
identities, then we have
1 D
1
1
D
½Sðx0 ; f; PÞ þSðx0 ; f ; WÞþ
½Dðx0 ; uS ; PÞ
u ðx0 Þ ¼ 
2
4pm
4p
þ Dðx0 ; uD ; WÞ:

ð18Þ

To solve the integral equations (9), (17), and (18), the wall and
particle contours are discretized by a non-uniform mesh consistD
ing of linear or arc segments. The unknown variables, f on both
D
P and W, f on P, and f on W, are deﬁned at the element centers.
The integral equation for the disturbance potential, (9), is solved
ﬁrst. Then, the slip velocity at the particle surface and walls, uS , is
calculated from Eq. (3), and the disturbance velocity at the walls,
uD , is obtained by subtracting the background velocity according
to Eq. (16). Finally, (17) and (18) are solved together with the
unknown translational and rotational velocities of the particle. To
match the total number of unknowns, two additional equations
from (5) expressing vanishing condition of the total traction in x
and the total torque on the particle are appended to the linear
algebraic system. In all the equations, the integrals are carried out
using the Gauss–Legendre quadratures over each element. The
singularities of the singular elements are subtracted off and
computed analytically. It should be pointed out the current
boundary element solver is based on a free online library, BEMLIB
[16].
Calculation of the slip velocity in (3) requires evaluation of the
tangential derivative of the electric potential. To do this, we
compute f at the two end nodes of each element after solving (9)
and then approximate the tangential derivative of f at the
element center using a second-order ﬁnite-difference scheme. The
channel is truncated at x ¼ 7 L=2 with the particle located at
x ¼ 0. We have chosen L ¼ 30a for all simulations. One difﬁculty
arises as the channel width approaches to the particle size, as an
exceedingly long domain is needed for uD to decay to an
acceptable limit. To deal with the problem, we require that the
ﬂow be unidirectional at the channel inlet/outlet. Consequently,
uy and fx are zero at the inlet/outlet, but ux and fy are unknown.
These additional variables are solved together with the integral
equations by including the inlet and outlet in the integration
contours. We point out that the non-zero disturbance velocity at
the inlet and outlet still satisﬁes the boundary condition at the
walls, Eq. (16). That is, uD is zero at the four corners of the channel
since the disturbance potential and its gradient vanish at those
locations.

4. Results and discussions

ð15Þ
which involves the total traction and the slip velocity over the
particle surface. Note that on the walls, the disturbance velocity is
uD ¼ uS u1 ¼

ezw
D
ðInnÞ  rf ;
m

ð16Þ

where uS is the total slip velocity due to both the background
potential and the disturbance potential.

In order to validate the accuracy of the present BEM code, we
ﬁrst consider electrophoretic mobility of a cylindrical particle in a
semi-inﬁnite ﬂow driven by electroosmosis, that is, the uniform
ﬂow due to a non-zero charge on the single wall. The analytical
solution of this two-dimensional problem was reported by Keh
et al. [11]. Fig. 2 plots the normalized translational and rotational
and
velocities
of
the
cylinder,
U^ p ¼ Up m=eðzp zw ÞE1 ,
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Fig. 2. The normalized (a) translational and (b) rotational velocities of the cylinder as functions of a=d computed from Keh et al. [11] (solid line) and the BEM used in the
current study (markers).

Table 1
Comparison of the normalized translational and rotational velocities of the
cylinder as functions of a=d computed from Keh et al. [11] and the BEM used in the
current study.
a=d

0.20
0.60
0.80
0.90
0.95
0.98
0.99

Current study

Keh et al. [11]

U^ p

o^

U^ p

o^

1.0000
1.0244
1.1328
1.3648
1.7577
2.6120
3.5963

0.0041
0.1351
0.4267
0.8360
1.3720
2.3620
3.4464

1.0002
1.0250
1.1333
1.3650
1.7574
2.6121
3.6149

0.0041
0.1350
0.4267
0.8362
1.3729
2.3648
3.4391

o^ ¼ oma=eðzp zw ÞE1 , where Up and o are the corresponding
dimensional quantities in the laboratory coordinates. The results
are depicted as functions of the ratio between the particle radius
and the distance from the particle center to the lower wall, a=d. It
can be seen that the present numerical results are in excellent
agreement with the theoretical prediction. The smallest particle–
wall separation in the ﬁgure is 0:01a, i.e., a=d  0:99, for which we
used 256 uniform elements on the particle and 192 non-uniform
elements on the wall. The comparison of the numerical
calculation with the analytical result for a few selected cases is
also provided in Table 1, where the difference is up to the second
decimal point for the closest proximity.
When the particle is far away from the wall, the translational
velocity approaches the value corresponding to the electrophoretic velocity of the particle in an inﬁnite ﬂow, eðzp zw ÞE1 =m, and
the rotational velocity approaches zero, as expected. As the
particle comes nearly in contact with the wall, both the
translational and rotational velocities grow to inﬁnity, which is
in sharp contrast with a purely hydrodynamic ﬂow where the
particle velocity is reduced by the wall due to viscous retardation.
A similar enhancing effect of the wall on the electrophoretic
mobility of a nearby spherical particle was reported in Keh and
Chen [3] and Yariv and Brenner [5]. As pointed out by them, the
phenomenon is caused by the intensiﬁed electric ﬁeld in the
narrow gap, which is dominant over the viscous effect and
introduces a high slip between the particle and the ﬂuid in the gap.
Next, we consider a particle bounded by two walls. Fig. 3(a,b)
shows the particle’s translational and rotational velocities at
varying distances between the two walls at four reduced channel

widths, H=a. As in other two- and three-dimensional particle/
channel conﬁgurations (e.g., [3–5,11]) where the EDL is assumed
to be thin, we also found that Up and o are proportional to the
difference between the zeta potentials on the particle and wall,
zp zw . Therefore, the same normalizations for Up and o as in the
single wall case are used here. To better display the results, the
eccentric position of the particle has been scaled by H2a.
For wide channels such as H=a ¼ 20, the reduced translational
velocity and rotational velocity are nearly unity and zero,
respectively, for a wide range of particle locations. This reﬂects
the situation of inﬁnite ﬂow and means that the wall effect is
negligible. When the particle approaches either one of the two
walls, the particle behaves as it would if it were brought within
close proximity of only a single wall and the effect of the other
wall is negligible.
At smaller values of H=a, the effect of both channel walls on
the particle motion becomes evident. When the particle is located
away from the walls, its translational velocity is lower compared
to the wide channel case, while its rotational velocity is higher. As
the particle approaches either wall, both the translational and
rotational velocities increase monotonically. The closest particlewall distance here is 1% of the particle radius. Due to the
deteriorated numerical accuracy, we were unable to verify if the
particle’s velocities would go to inﬁnity when the particle further
approaches the wall.
To see how the channel width affects the particle motion at the
symmetric conﬁguration, in Fig. 3(c) we plot the reduced velocity
against H=ð2aÞ for the particle located at the centerline of the
channel. The graph shows that, as the channel approaches the
same size of the particle, the translational velocity approaches a
value which is around 53% of the unbounded case. This behavior is
in contrast with that of the corresponding spherical particle
traveling along the centerline of the channel. According to the
analytical result of Unni et al. [12], the normalized translational
velocity of the sphere decreases slightly as H=ð2aÞ goes from
inﬁnity down to around 1.25, and then it starts to increase instead
as H=ð2aÞ is further reduced. The translation grows by around 70%
when H=ð2aÞ approaches unity.
The reduced mobility of the cylindrical particle in a narrow
channel can be understood from the opposing effects of the
electrophoresis and viscosity. For a wide channel relative to the
particle size, the particle motion induces little friction anywhere
between the ﬂuid and the channel walls except within the gap
regions, and the mass ﬂow caused by the particle translation can
be easily offset by the reversal ﬂow through at least one of the two
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Fig. 3. The translation (a) and rotation (b) of the particle as functions of the normalized eccentricity. (c) The translation of the particle located at the centerline of the
channel as a function of H=a. (d) The ﬂow ﬁeld (the particle is moving from left to right and rotating counterclockwisely), (e) streamline plot and (f) equipotential lines for
H=a ¼ 3, d=a ¼ 1:1, and zw ¼ 0.

particle–wall gaps. Therefore, if the particle is close to either of
the walls in a wide channel, the intensiﬁed electric ﬁeld in the
smaller gap dominates over the viscous resistance, and as a result,
the particle translation is enhanced. When the channel becomes
narrow and its width comparable to the particle diameter, due to
the friction in the small gaps on both sides of the particle, the
amount of the reversal ﬂow is restricted. The particle’s translation

tends to induce a net ﬂow in the channel due to the mass
conservation, but the net ﬂow is subject to the friction between
the ﬂuid and entire channel. The narrower the channel is, the
stronger the frictional effect becomes. For a particle near the
centerline of the channel, the frictional resistance is of the same
order as the electric force. Therefore, the particle velocity
approaches a limiting value as shown in Fig. 3(c). This ‘‘piston
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effect’’ is similar to the spherical particle in a cylindrical pore
analyzed in Keh and Chiou [18] and Yariv and Brenner [4], where
they found that the particle also approaches a ﬁnite velocity as the
diameter of the pore becomes increasingly close to that of the
particle. In comparison, for a spherical particle in the channel with
inﬁnite span, ﬂow can go around the particle easily even when the
particle is tightly bounded by the walls. As a result, the electrical
force outgrows the hydrodynamic retardation, and the sphere’s
mobility is enhanced due to the comprehensive wall effect, as
shown in Unni et al. [12].
Note that even though the particle’s translation is reduced
when the channel becomes narrower, its rotation is not. The
rotation is caused by the necessary slip velocity on the particle
^ is zero for a
surface as dictated by Eq. (3). Fig. 3(b) shows that o
symmetrical conﬁguration, but it grows quickly as soon as the
^ can be
particle is located off the centerline. For smaller H=a, o
much larger than 1. Therefore, the particle’s rotation is sensitive
to its eccentricity in a narrow channel. This increased rotational
sensitivity is also observed in Unni et al. [12] for the wall^ of the sphere is
bounded spherical particle, where, however, o
below unity at least when H=ð2aÞ is above 0.99.
The ﬂow ﬁeld is visualized in Fig. 3(d) for H=a ¼ 3 and
d=a ¼ 1:1. The zeta potential on the wall is chosen to be zero so
that the electrically neutral walls yield no background velocity
and the velocity vectors represent the disturbance velocity from
the presence of the particle as computed from Eq. (15). The slip
velocity on the particle surface is evident in the ﬁgure. In addition,
Fig. 3(e) and (f) visualizes streamlines and the contours of the
total potential around the particle. In (e), two stagnation points
can be seen on the particle’s boundary in the region near the
lower wall. In (f), the potential undergoes a quick change along
the narrower gap between the particle and channel, causing a
high slip velocity of the ﬂuid on both the particle surface and wall
in the region.

5. Conclusion
We have adopted a boundary-element method to solve for the
electrophoretic mobility of a cylindrical particle placed in a
rectangular channel with arbitrary eccentricity. Both the particle
and walls are non-conducting, and the electrical double layers
adjacent to the solid surfaces are assumed to be thin with respect
to the particle radius and to the particle–wall gap. When the ratio
between the channel width and cylinder diameter approaches
unity, the viscous effect becomes comparable to the electrophoresis and the translational velocity of the particle reaches a ﬁnite

value determined by the eccentricity. In addition, the rotational
velocity of a closely ﬁtting particle is sensitive to its eccentricity.
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